This work is related to an analytical solution of a fractional order epidemic model for the spread of the Pine wilt disease with bilinear incident rate. To obtain an analytical solution of the system of nonlinear fractional differential equations for the considered model. Laplace Adomian decomposition method (LADM) will be used. Comparison of the results have been carried out between the proposed method and that of homotopy purturbation (HPM). Numerical results show that (LADM) is very efficient and accurate for solving fractional order Pine wilt disease model.
Introduction
In 1905, for the first time epidemic of the Pine wilt disease (PWD) was introduced in Japan [13] . Pine wilt disease (PWD) is transmitted by the Pinewood nematode Bursaphelenchus xylophilus Nickle which is a dramatic disease and usually it kills affected trees with in few days of few months. Since in Japan PWD was present, then the disease has spread to Taiwan, Korea, China and also spread in East Asia Pine forests. After that it was found in 1999 in Purtagal [9] . During the 20-th century Pine wilt faced greatest losses in Japan, the disease spread through highly suspectable Japanese black (P. ihunbergiana) and Japanese red (P.densiflora) Pine forests with devastatingly. Thus PWD was considered great dangerous to forests all over the world [14] . Particularly Pine wilt kills scots Pine.
Mathematical modeling is useful to understand, how to a disease spread and also determined various factors that include in the spread of the disease. For this purpose, different control techniques can be introduced to analysis the spread of the disease. Few mathematical models have been developed pesttress dynamics, such as PWD transmission was investigated by Lee and Kim [6] and Shi and Song [12] . In 2014 Lee and Lashari determined the global stability of a host vector model for Pine-wilt disease with nonlinear incident rate [7] .
Incident rate of the transmission of the disease plays an important role in the study of the mathematical epidemiology. For this purpose, we propose a fractional order model for Pine wilt disease with bilinear incident rate and find its approximate solution. Consider the following four nonlinear fractional differential equations 1) with given initial conditions
, where c D α 0 < α < 1 is the Caputo derivative of fractional order, α shows the fractional time derivative.
In model (1.1) the initial conditions are independent on each other and satisfy the relation M h = S + E + I where M h is the total number of the individuals in the population. k, α are positive constants, S h (t) is susceptible Pine trees at time t, E h (t) is the exposed Pine trees and I h (t) is the infected Pine trees and the total vector population is M v (t) = S v (t) + I v (t). a h is the constant increase rate and b v is the constant emergency rate of adult beetles at time t, µ 1 is the natural death rate of Pine trees host and µ 2 is the natural death rate of beetles as vectors.
For the given model of fractional order the numerical solutions are studied by using Adomian decomposition method with Laplace transform. For the verification of our procedure results, we assign random values to the initial conditions and parameters.
In 1980, Adomian decomposition method (ADM) was introduced by Adomian, which is an effective method for finding numerical and explicit solution of a wide and a system of differential equations representing physical problems. This method works efficiently for both initial value problems as well as for boundary value problem, for partial and ordinary differential equations, for linear and nonlinear equations and also for stochastic system as well. In this method no perturbation or liberalization is required. ADM has been done extensive work to provide analytical solution of nonlinear equations as well as solving fractional order differential equations. In this paper we operate Laplace transform method, which is a powerful technique in engineering and applied mathematics. With the help of this method we transform fractional differential equations into algebraic equations, then solve this algebraic equations by ADM.
Preliminaries
In order to facilitate the readers, here in this section we recall some fundamental definitions and results from fractional calculus. For further detailed study, we refer to [2] [3] [4] [5] 8] . 
provided that the integral on the right side is pointwise convergent on (0, ∞).
Definition 2.2. The Caputo fractional order derivative of a function f for fractional order α is defined by 
represents the integer part of α.
Definition 2.4.
We recall the definition of Laplace transform of Caputo derivative as:
The Laplace Adomian decomposition method
In this section, we discuss the general procedure of the model (1.1) with given initial conditions. Applying Laplace transform on both side of the model (1.1) as
which implies that
Now using initial conditions, we have
Assuming that the solutions,
in the form of infinite series given by 3) and the nonlinear terms are involved in the model are (3.4) where B n , p n , Q n are Adomian polynomials defined as
To study mathematical behavior corresponding to the solution of S h , E h , I h , S v , I v , we use different values of α. For the solution we take inverse transform of (3.5), we have
,
, I
(1)
.
Similarly we can calculate the other terms in the same way which can be written after simplification for three terms using the values. Finally we get the solution in the form of infinite series which is given by
Numerical results and discussion
The Laplace Adomian-decomposition method provides us an analytical solution in the form of infinite series. For numerical results we consider the following values for parameters. Thus the first few terms of Laplace-Adomian decomposition method solution are S h , E h , I h and S v , I v are calculated. We calculated the first three terms of the series solution of the system (1.1). Two of them are given as n 1 = 300, n 2 = 40, n 3 = 20, n 4 = 70, n 5 = 20, β = 0.0571, γ = 0.0405,
. Using α = 1 in the system (4.1), we obtain the approximate solution after three terms as Similarly we get the following system of series for α = 0.95 Now for α = 0.85, we get the following series Similarly, the solution after three terms for α = 0.75, we can write: 
Convergence analysis and comparison with homotopy perturbation method at fractional order
The above series solution is in form of series, which is rapidly convergent series and converges uniformly to the exact solution. To check the convergence of the series (4.1), we use techniques as used in [1, 10] and provide the following result.
Theorem 5.1. Let X and Y be two Banach spaces and T : X → X be a contractive nonlinear operator such that for all x, x ∈ X, ||T (x) − T (x )|| k||x − x ||, 0 < k < 1. Then T has a unique fixed point x such that T x = x, where x = (S h , E h , I h , S v , I v ). Moreover the series given in (4.1) can be written as by applying Adomian decomposition method
and assume that x ∈ B r (x) where B r (x) = {x ∈ X : ||x − x|| < r}, then we have
Proof. For the proof see [11] .
In the following Figures 3 and 4 , we compared the solutions obtained via using the proposed (LADM) with the solution obtained by using homotopy perturbation method (HPM) corresponding to fractional order α = 0.95. Taking first three terms series solutions of the proposed method and five terms series solutions vis using (HPM) for the considered model, we see that the solutions show close agreement. Further, (LADM) needs no perturbation parameter which restrict the applicability of the method. 
Conclusion
In this research work, we presented a fractional order model of Pine wilt disease with bilinear incident rate. Using Laplace Adomian decomposition method (LADM), we obtained the numerical solution of the fractional order model (3.1). The concerned solutions has been compared with the solutions obtained from (RK4) method at classical order which are almost the same. Therefore, we concluded that the considered technique is a powerful tool as compared to (RK4) and simple Adomain decomposition method (ADM), to find numerical solutions of nonlinear fractional differential equations.
We used two mathematical tools in this research work, fractional differential operator and (LADM) method. The advantage of fractional order differential operator is that it is global operator rather than local. As compared to integer order differential operator, fractional order differential operator helps us to explore the dynamical behavior of various complex systems in more sophisticated way. One can observe that Pine wilt disease model (3.1) with fractional order derivative has more degree of freedom, in order of derivative involved in the system and therefore can be varied to obtain various responses of the concerned compartment in the model. The second tool used in this paper is (LADM) method. The impact of this method is that, it do not need discrimination, liberalizations or other restrictive assumptions, in process of exploring the solution of both linear and nonlinear (FODEs) and (FPDEs). Moreover, it do not need any predefined parameter unlike required in (HPM) and (HAM) methods. Also it is not required to have suitable step size, which is essential protocol in RK4 method. The solutions obtained via (LADM) method is free from rounding of data and only computing few terms yield us accurate solutions, that are very close to exact solutions for highly nonlinear problems. The numerical computations and implementation were carried out by using Maple 16.
